There are in nitely many gauge-invariant conserved quantities for su ciently regular solutions of the Yang-Mills equations on 4-dimensional Minkowski space, for example those that extend to C 2 classical solutions on the universal cover of the conformal compacti cation, which may be identi ed with the Einstein universe, I R S 3 . These conserved quantities are expressed in terms of the`in' or`out' elds constructed via the formulation of scattering as a global Goursat problem on the Einstein universe.
Introduction
A great deal of work has been done on completely integrable nonlinear wave equations in two-dimensional space-time. Less is known about the physically very interesting fourdimensional case, except for the self-dual Yang-Mills equations 1, 2] . Recently, however, a number of Poincar e-invariant nonlinear wave equations in four-dimensional Minkowski space have been shown to be completely integrable, using a method that can be summarized as`linearization via the wave operator'. At a formal level the idea is simple: the wave operators intertwine the action of the Poincar e group on the solutions of the nonlinear equation with its action on the solutions of an equation that is linear and easily seen to be completely integrable. The di culty lies in constructing the wave operators as smooth maps on a physically natural space of solutions, for example those having nite energy.
In the massive 4 theory, there are smooth wave operators in a neighborhood of the origin of the nite-energy space 3]. In the massless 4 theory, infrared problems make it di cult to construct wave operators on the space of nite-energy solutions, but the conformal invariance of the theory permits the construction of wave operators on the space of` nite-Einstein-energy' solutions 4, 5]. These are solutions extending to niteenergy solutions of a corresponding equation on f M, the universal cover of the conformal compacti cation of Minkowski space, which can be identi ed with the`Einstein universe', I R S 3 . The boundary of Minkowski space as embedded in f M consists of lightcones C at`past and future in nity', and the surface fx 0 = 0g in Minkowski space corresponds to the Cauchy surface f0g S 3 f M with a single point removed. A nite-Einstein-energy solution may be described by its Cauchy datum ( ; _ )j f0g S 3 or by either of its Goursat data j C . (In the Goursat problem, the solution of a wave equation is determined by its restriction to a characteristic cone 6] .) The Goursat data j C correspond to asymptotics of the solution on Minkowski space as x 0 ! 1, respectively, and may be regarded as`out'
and`in' elds in the sense of scattering theory. Since the action of the Poincar e group on f M preserves the cones C , the Poincar e group acts linearly on the space of nite-Einsteinenergy Goursat data, and the wave operators linearize the action of the Poincar e group on the space of nite-Einstein-energy solutions.
The physically relevant`phase space' for the Yang-Mills equations is the space of solutions modulo gauge transformations, which is not a vector space, so one cannot expect a true`linearization' of the action of the Poincar e group in this case. In four dimensions, however, the Yang-Mills equations are conformally invariant and wave operators can be constructed in terms of a Goursat problem on f 
Results
Our notation relating to conformal geometry follows that of 4, 12] . We let M 0 de- Theorem. Let f 2 C 1 (g) be an Ad-invariant function satisfying jf(y)j kyk for suciently small y 2 g, for some norm on g. Let 
Conclusions
We have deliberately described a weak version of our result in order to present the basic ideas as simply as possible. Further work will require the use of spaces of solutions in a xed gauge having initial data in Sobolev spaces. For example, solutions in temporal gauge may be described by Cauchy data in the space X consisting of pairs (a; e) of g- To prove that time evolution on a suitable space of solutions of the Yang-Mills equations in four-dimensional Minkowski space are completely integrable, one might attempt to carry out the following program: 1) Remove certain singular points from X and quotient out the action of the remaining gauge transformations to obtain a symplectic manifold Y, the nonsingular part of the physical phase space.
2) Show that the group g SO(2; 4) acts as symplectomorphisms of Y. 3) Show the functions H: X ! I R given in the corollary factor to give smooth functions J: Y ! I R. 4) Show that some subset S of the functions J satis es: a) for all J; J 0 2 S the Poisson bracket fJ; J 0 g is well-de ned and vanishes; b) the subspace L = fv 2 T x Y: 8J 2 S dJ(v) = 0g is isotropic for all x in a set of second category in Y.
Step 1) has already largely been carried out by Moncrief 15] ; see also 16].
Step 4) seems the most di cult, and is likely to require more insight into the global Goursat problem for the Yang-Mills equations. For a) to hold one must nd functions J that generate vector elds, which is nontrivial because the symplectic form on Y will be only weakly nondegenerate. Moreover, there may not be enough conserved quantities with vanishing Poisson brackets for b) to hold, in which case the Yang-Mills equations would be only`partially integrable'.
The possibility that the Yang-Mills equations are completely integrable on a suitable space of solutions may have been neglected due to the result that time evolution on the nite-dimensional manifold of`space-independent' solutions (in temporal gauge) is not completely integrable 17, 18] . There need be no contradiction, since for a solution to extend to a solution on f M it must satisfy certain decay conditions in the spatial directions 14]. In fact, these conditions require the solution to lie in the`zero charge sector ' 19] .
